Abstract. This paper describes a simple method for estimating lower bounds on the number of classes of equivalence for a special kind of integer sequences, called division sequences. The method is based on adding group structure to classes of equivalence and studying properties of resulting groups as presentations of free group.
pc + 1, q does not divide c c/q, otherwise
We call the mapping C 
Presentations of free group
Let us observe monoid M ∈ {Z { =0,·} , Z {>0,·} } and corresponding Grothendieck's group F := K(M ) ∈ {Q { =0,·} , Q {>0,·} }. We are interested in free group F with countably many generators (primes) and defining relations that (a) include abelinizing relation and (b) reflect equivalence relation ∼ defined on M by C M p,q . For fixed p, q ∈ M we observe following relations:
For given p and q, we denote relations generated by (3) by R p,q . Abelinizing relation that we add to F is denoted XY = Y X and it implies that xy = yx for all pairs of generators x, y of F . Note that R p,q is a countable set.
Let
be presentation of F (we write F instead of F 's generators for simplicity). We denote by φ p,q the corresponding free group homomorphism defining H p,q . If the choice of F needs to be clarified for H p,q , we write H M p,q for domain M and free group F = K(M ). Property 1. H p,q is isomorphic to a quotient group of H p,q n for all n ∈ N.
Proof. By Tietze transformations rules (see, e.g., [Lyndon, Schupp 2001] ), implication q = 1 ⇒ q n = 1 ensures that H p,q is isomorphic to a quotient group of H p,q n . Since natural homomorphism χ : H p,q → H p,q n , where χ(a) = a, is surjective we have Im χ H p,q n .
⊓ ⊔ When we are interested in parameters p, q for which H p,q ∼ = {1}, i.e. is a trivial group, following properties are obvious.
give us defining relation P = Q ∈ R p,q by Tietze transformations rules. Therefore, each defining relation of H pp ′ ,q is also a defining relation of H p,q , and we have the property.
⊓ ⊔ Tietze transformations allow us to make a stronger claim under following restrictions.
Let us assume that equality
holds in Q. Then pP + 1 = (q ′ ) m Q holds in Q / q=1 and thus
On other hand, equality (6) gives us defining relations
by Tietze transformations rules because q ′ = 1, q = 1 ∈ R p,qq ′ . Therefore, H p,q is isomorphic to a quotient group of H p,qq ′ and vice versa. 
Let us now observe group Ker φ p which is a subgroups of F . Since Ker φ p,q ⊆ Ker φ p,q n by Property 1, we have normal subgroup relation
Then following corollaries are implied by Properties 2-3.
Structure of Ker φ p,q , if nontrivial, can be partially disclosed as follows. Let us fix p, q ∈ M and define R p,q := P ≁ 1 ⇒ P = 1
to be set of defining relations, where ∼ is equivalence relation of a division sequence C M p,q . Now we can define group H p,q as representation of free group F as follows.
We denote the corresponding homomorphism of F by φ p,q . Since Im φ p,q ⊆ Ker φ p,q , the following holds. Proof. Equivalence relation P ∼ Q implied by equality pp ′ P + 1 = Q generates defining relation P = Q ∈ R pp ′ ,q , defining relation p ′ P = Q ∈ R p,q in H p,q and defining relation P = Q of Hp,q / p ′ =1 . Therefore relations P ∼ Q ∈ R pp ′ ,q , where P, Q ≁ 1, generate defining relation P = Q ∈ R p,q and therefore are defining relations of Hp,q / p ′ =1 as well. Similarly, equivalence relation P ∼ Q, implied by pp ′ P + 1 = Q, generates relation P = Q ∈ R p,qq ′ and relation P = (q ′ ) i Q ∈ R p,q for some i ∈ N ∪ {0}. Then P = Q is a defining relation of Hp,q / q ′ =1 as well. Therefore relations P ∼ Q, where P, Q ≁ 1, that generate R p,qq ′ , also generate defining relations of Hp,q / q ′ =1 . Thus, group Hp,q / p ′ =1 is isomorphic to a quotient group of H pp ′ ,q and Hp,q / q ′ =1
is isomorphic to a quotient group of H p,qq ′ . ⊓ ⊔
